BEREZIN TRANSFORM AND WEYL-TYPE UNITARY OPERATORS ON THE BERGMAN SPACE
L
Introduction
For H a complex Hilbert space with inner product ·, · and norm v = v, v 1 2 , we consider the algebra of all bounded linear operators Op(H). For the unit sphere S = {v ∈ H : v, v = 1} and for X in Op(H), we have the usual operator norm X = sup{ Xv : v ∈ S}. We will also be concerned with the numerical range W (X) = { Xv, v : v ∈ S} and the numerical radius w(X) = sup{| Xv, v | : v ∈ S}. The set W (X) is convex (Hausdorff's Theorem) and its closure contains the spectrum of X. There is a standard norm estimate
and a not-so-standard power estimate (Berger's Theorem [5] )
In the case that H is the Bergman Hilbert space L In particular, for every bounded linear operator, we define the Berezin transform by X(c) = Xk c , k c . The map Ber(X) = X is one-to-one and X(·) is known to be real-analytic [4] as well as Lipschitz with respect to the Bergman metric distance function on D [6] .
It is not hard to check that the range of Ber contains all bounded holomorphic functions on D. Clearly, the range of X is contained in W (X) and, for f ∞ = sup{|f (z)| : z ∈ D}, we have X ∞ ≤ w(X) so that X is in the Banach space [ (D) ). Similar constructions yield the same result for the Segal-Bargmann space of Gaussian square-integrable entire functions on complex n-space C n . The extension of our analysis to general bounded symmetric domains is plausible but presents significant difficulties.
We consider the full group Aut(D), given for λ in C with |λ| = 1 and c, z in D, by
and it is standard that
and it is easy to check that the map
We will be interested in the Berezin transform of V [λ,c] . We first check that
It follows, using the defining property of the reproducing kernel, that
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Remarks. It follows from the above discussion that 
Proof. Using ( * * * ), we can check that
Thus, X must be a constant function so that X is a scalar multiple of the identity operator.
Remark. The irreducibility is certainly "well known". Proof. First, for V [1,c] , we note that ( * * * * ) gives
Since i(ac − ac) is real, we see that
Since V [1,c] 
For V [−1,c] , we have from ( * * * ) that
We 
Corollary 1. There is no real number
M > 0 so that M X ∞ ≥ X for all X in Op(L 2 a (D
)). Equivalently, range(Ber) is a non-closed linear subspace of BC(D).
Proof. Since V [1,c] is unitary, we have V [ 
then a standard argument shows that range(Ber) is closed in BC(D).
Remark. An unpublished proof of this result, using Toeplitz operators, is due to Fedor Nazarov. Proof. Note that ( * * * * ) gives
Hence, the range of V [−1,c] is a connected subset of the positive real line which includes {1}, is bounded by 1, and, by taking |a| near 1, has points arbitrarily close to 0. A modification of the V [1,c] shows that Berger's Theorem fails for X ∞ .
Theorem 3. For
Proof. This is a direct calculation using the facts that V
1+|c| 2 ] and that V [1,c] 
Weyl-type unitary operators on the Segal-Bargmann space
We next briefly consider a space which is a model for Bergman spaces on bounded symmetric domains, even though the domain here is all of C n . The Segal-Bargmann space H 2 (C n , dμ) is a Bergman space which consists of all entire functions which are square-integrable with respect to the normalized Gaussian measure dμ(z)
Here, dv(z) is the standard Lebesgue volume measure on C n . The Bergman kernel for evaluation at c is just
is the normalized kernel function. We limit our attention to the analogs of the V [1,c] and V [−1,c] . These are the Weyl unitary operators acting on H 2 (C n , dμ) by
and the involutive unitary operators
It is well known [1] that the map c → W c gives a strongly continuous projective irreducible representation of (C n , +) which extends to a unitary representation of the Heisenberg group. For χ c (z) = exp(iIm{z · c}), we have
It is also easy to check that
For U c , it is easy to check that U
−1 c
= U * c = U c but the multiplicative structure is not evident. A direct calculation shows that
We can now establish results analogous to Theorem 2. Proof. We check first that
It follows immediately that W c ∞ = exp(−|c| 2 /4). We also have
and, taking a = c/2, it follows that U c ∞ = 1.
The method of Theorem 3 shows that Berger's Theorem fails for
∞ for all c with |c| = 0. Proof. This is a direct calculation using the fact that W 2 c = W 2c .
Extensions to general bounded symmetric domains
It is natural to try to give general versions of our results for operators on the Bergman space L 2 a (Ω) of square-integrable holomorphic functions on Ω, a general bounded symmetric domain (BSD) in C n . Here we use normalized Lebesgue measure on Ω. We do not have a complete picture, but there is enough to justify a brief discussion.
BSD's are Hermitian symmetric spaces of the non-compact type [2] , [7] , [9] . There is a standard classification of BSD's going back to H. Cartan. We work in the Harish-Chandra realization of BSD's as bounded convex domains Ω containing the origin 0 of C n and invariant under the map z → λz for λ in C and |λ| = 1. The group Aut(Ω) of biholomorphic automorphisms of Ω is transitive. In particular, for each c in Ω, there is an automorphism ϕ c so that: (1) 
Problems
The 
